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Abstract

This study develops a steady-state thermoelastic solution for an infinite functionally graded material
(FGM) layer of finite thickness containing a crack at its mid-plane, parallel to the surfaces. The layer is
subjected to constant but unequal surface temperatures and symmetric concentrated forces of
magnitude P/2, which may be tensile or compressive. Using the integral transform method, the problem
is reduced to a Cauchy-type singular integral equation and solved numerically. Key results include the
normalized thermo-mechanical stress intensity factor (TMSIF), thermal stress intensity factor (TSIF),
and crack opening displacement, with graphical analysis showing how thermal loading and material
gradation affect fracture behavior.

Keywords: Functionally graded materials, fracture mechanics, Fourier integral transform, singular
integral equation, stress-intensity factor, crack opening displacement

1. Introduction

Every solid material has unique physical and mechanical properties such as elasticity,
density, porosity, and conductivity that determine its suitability for specific applications.
However, a single material often cannot meet all the performance demands of complex
environments. For instance, aerospace applications require materials that are lightweight,
strong, and thermally insulating properties rarely found together in one material. Strong
materials are typically heavy, while good insulators lack strength. To address this, engineers
develop composite materials by combining different substances, each contributing specific
advantages. This enables the creation of materials with customized properties suited for
high-performance applications like aerospace, automotive, and construction.

Composite, fiber-reinforced, and functionally graded materials (FGMs) are modern materials
used across various applications. FGMs are formed by gradually blending two materials, A
and B, with properties varying spatially as a weighted mix-(100 - x) % of A and x % of B

where @ =x =100 Originating in Japan in the 1980s, FGMSs offer advantages like
corrosion resistance, thermal control, and improved strength, and are also widely used in
biomedical engineering.

Thermal loading significantly influences the post-loading behavior of solids and must
therefore be addressed with great care. Consequently, the study of thermoelastic problems
has long been a vital area within solid mechanics (Nowacki ™, Nowinski I, Boley and
Weiner BI). In structural engineering design, careful consideration of thermal stresses is
essential, as many structural components are exposed to intense thermal environments. Such
exposure can induce substantial thermal stresses, particularly in the vicinity of existing
defects within the material. When combined with mechanical loads, these thermal stresses
can lead to stress concentrations around defects, potentially resulting in serious structural
damage.

Numerous earlier studies have contributed to the understanding of crack-related problems in
solids. Important contributions include the works by Dag et al. 31, Sherief and EI-Mahraby
(61 Chaudhuri and Ray [ 8], Patra et al. [* 10111 Rokhi and Shariati *%, Eskandari 3], Lee 1,
among others. In addition, several recent investigations have continued to explore the
behavior of cracks in solids, particularly in complex or functionally graded materials.
Notable among these are the works of Kanaun %, Barik et al. [*¢1, Birinci et al. "], Rekik et
al. (8 Chen and Hu %, Chang and Wang %1, Markov and Kanaun 23, Ding et al. 22, Wang
et al. %1, which offer valuable insights into the theoretical and computational modeling of
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crack propagation and its effects on material performance.

In fracture mechanics, accurately determining the Stress Intensity Factor (SIF) is vital for assessing crack behavior under
mechanical or thermal loading, as it measures stress concentration at crack tips. This is critical for designing fracture-resistant
materials in structures like bridges, aircraft, and precision components. In thermoelastic problems, the Thermal Stress Intensity
Factor (TSIF) is especially important, and has been widely studied for its role in thermal stress concentration. Noteworthy
contributions in this area include the works of Ding and Li 4, Lee and Park 1, Itou ], Liu and Kardomateas [?7], Hosseini-
Tehrani et al. 8], Nabavi and Shahani 1, Sur and Kanoria %, Chen 4, among others.

The present investigation aims to find the steady-state thermoelastic solution for an infinite functionally graded material
(FGM) layer of finite thickness containing a crack located at the mid-plane, parallel to the layer surfaces maintaining at
constant unequal temperatures under steady state thermal loading as well as mechanical loading. The governing equations are
reduced to a Cauchy-type singular integral equation, which is subsequently solved numerically. Key quantities of interest,
including the normalized thermo-mechanical stress intensity factor (TMSIF), thermal stress intensity factor (TSIF), and the
normalized crack opening displacement, are evaluated. The influence of nonhomogeneous thermal loading and material
gradation parameters on these quantities is illustrated through graphical results, highlighting the effects of thermal and material
non-homogeneity on the fracture behavior of the FGM layer.

2. Nomenclature

ALp : Lame's constants for isotropic elastic material
\Y : Poisson's ratio of elastic material
oL, : Thermal expansion coefficient of the material
Oy 1Ty Oy : Stress components in cartesian co-ordinate system
K : Thermal diffusivity of the material
P : Applied load in isothermal problem
5,(:) : Dirac delta function
Pg - Internal uniform pressure along crack surface
B : Non-homogeneity parameter for elastic coefficients
k(:) : Stress intensity factor in a medium with a crack in it
& : Non-homogeneity parameter for thermal coefficients
u,v : Crack surface displacements
T : Absolute temperature
Ty : Reference temperature
T,.T, : Constant temperature supplied to the material in the lower and
upper region respectively

3. Formulation of the Problem

We consider an infinitely long functionally graded layer of thickness 2h weakened by the presence of an internal crack.
Cartesian system co-ordinates will be used in our analysis. We shall take y-axis along the normal to the layer surface. The
layer is infinite in a direction perpendicular to y-axis. A line crack of length 2b is assumed to be present in the middle of the
layer. We shall take x-axis along the line of the crack with origin at the center of the crack and investigate the problem as a

two-dimensional problem in the x-y plane. The crack faces are supposed to be acted upon by tensile force Po and the layer
surfaces are acted upon by concentrated forces at points on the layer surfaces at distance 2a symmetrically positioned with
respect to the center of the crack. The concentrated forces are either of compressive in nature or tensile in nature. Fig.1
displays the geometry of the problem.

Tensile line load T y
Compressive line P/2 1 P/2
l load I : I T2
1
1
- a—» R,
1
Vel oo NANAAMARARAN _ =
1~ W\wvww: YV VYV
i l—b—> R,
I Compressive line I I T
load P/2 P/2
1 Tensile line load

Fig 1: Geometry of the problem.
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In this figure two sided arrows actually correspond to two distinct problems: the inward drawn arrows correspond to

compressive loading, while outward drawn arrows correspond to tensile loading. The two different types of loading are (i) a
P

pair of concentrated compressive loads each of magnitude 2 applied symmetrically with respect to the center of the crack at a
P

distance 2a apart, (ii) a pair of concentrated tensile loads each of magnitude 2 applied symmetrically with

respect to the center of the crack at a distance 2a apart. The gravitational force has not been taken into consideration. In
deriving analytical solution in the present study, the thermo-mechanical properties dependent on the y-coordinate are modeled
as exponential functions in the direction perpendicular to the plane of the crack, following the law

K= Kl}ealyl,}k — }Ll}eﬁl‘?l, I"I' — HEEE|}’|’C{ =
«le’¥, (—h <y <h)
1)

}Lu, Ko, the elastic parameters

o
where %o, @t are the values of the heat conductivity and the thermal expansion coefficient with
in the homogeneous medium and B, the non-homogeneity parameter controlling the variation of the elastic parameters in the
graded medium. Here, & and Y are also non-homogeneity parameters. The strain displacement relations, linear stress-strain
relations and equations of equilibrium are, respectively, given by

S "R O V(.
x ax * 8}’ By ’Y-‘E" 2 \ay axt ! (2)

C|

“_ [(1+Kj£x+(3—}{j£},], o, =
= [(E—K)E +(1+K)E;y:|

®)
E Eh:g. _ I:I
dx oy ! (4)
ﬂ + _.'r_ =0,
ox oy (5)
where ¥ =3 — 4V and Vis poisson's ratio. Before further proceeding it will be convenient to adopt non-dimensional
variables by rescaling all length variables by the problem’s length scale b and the temperature variable by the reference
temperature scale To.
1.1'I=E Vrzfxr_f r_¥ hr=E-1—..'=
b » h » b !}F b » hr
T r__ Ty r_ To "
T, 'Ty T, Ty T, '™ o, Ty

(6)

In the analysis below, for notational convenience, we shall use only dimensionless variables and shall ignore the dashes on the
transformed non-dimensional variables. Mathematically, the problem under consideration is reduced to the solution of thermo-

elasticity equations with thermal expansion coefficient ®x and the quantity H, the dimensionless thermal conductivity of the
crack surface defined in Carslaw and Jaeger (21,

[i) Equilibrium equations
2(1— 'u] -I- (1 —2v ]

2 (5, r2)-ps

0
(1— 2vj£:+ 2(1—v) Z;:“L%JFE [2(1—
VE+ 2| =6, D+ B+0T)

®
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where B1 = 2(1+ V)“r.

(ii) Steady state heat conduction equation

't | &°T 8T
— = (W4
E'.\::-I_E'y:-l_aﬂy 0, (0=<x< o), ©
(1ii) The boundary conditions
(a) Thermal boundary conditions
T(x,~h) =T, (0<x< o) 10
T(x,h) = T,, (0< x < o) an
2 T(x,0%) =2 T(x,07) = H[T(x,0%) —
ay ] B_? ol ]
T(x07)], (0<=x< 1)
(12)
T(x,07) =T(x,07), (x= 1) (13)
L rx0)=2T(x07), (x= 1)
By By - (14)
(b) Elastic boundary conditions
T(x.,0) =0, (0 <x< m) (15)
To(x,h) =0, (0<x< w) (16)
—r
o, (x,h) =+;51(x—a), (0 <x< o) an
8 f(=), D=—x<1
2 [v(x0)] = {19
ax Q, x=1 (18)
Jy[x! 0)=-py, (0=x=1) (19)
where u and v are the x and y components of the displacement vector; Tr Ty » Ty are the
normal and shearing stress components; f(x) is an unknown function and 5, (x) is the Dirac
delta function. In Eq. (17) positive sign indicates tensile force while negative sign corresponds
to compressive force.
4. Method of solution
a) Thermal part
To determine temperature field T(xy) from Eq. (9) and boundary conditions (10)-(14)
we assume
T(x,y) = Ulx,y) + W(y), (20)
where U(x¥) and W(y) are two unknown functions satisfying the conditions
U(K,—hj = U(X,hj = ﬂ, (21)

Under these considerations we get
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zdh
_TI,-Te Ty -T, —Giy—h)
Wi(y) = —.on YT am® T

U(xy) =
[Em._y . Elﬂm._—mz}h+m=y:|ﬁl , v = 0;

. _ lm;—-mqh
[Em"y _Elxmz—m-_}h+m=y:| m- mde_lm.__mzlhﬁl i) FE ':I.

my; —Ma e

here ™ = (-8 + /& +n?)  m =-(-86-J/& +n%),

for certain constants 21 and M.
The appropriate temperature field satisfying the boundary conditions and regularity
condition can be expressed as:

T(xy) = [ _[e™¥ —
etm:~m B may ] p () e TN dn + W (y)
for¥y = 0

T(xy) = fi,[em"y -
elma . 4m25] 5 D(n)eln + W ()
for¥ = 0

where D ("1] is an unknown function to be determined and

(my —1e ]l
m._—m:em— m='h

-lm;-mgsth

Faw =

My —Hl, &

Let us introduce the density function E}(x)' as

_ 2 +y _ @ -
O(x) = axT(x,lJ ) axT(x’ﬂ ),
It is clear from the boundary conditions (13) and (14) that
1
[edx=0, (xl<1)
e(x)=0, (x| =1).

Substituting Eq. (26) and (27) into Eq. (29) and using Fourier inverse transform, we
Have

D(n) =

i[m._—m: e
—-lmy-mx Ih—EI rl:l-_—m:'h]

—'l'l:l.'_—l.'l:l.glh]

1 ig
f_lEl(s)e ds,

2mm ':m._—m:} [e
Again, substituting Eq. (26) and (27) into Eq. (12) and applying the relation (32), we

get the singular integral equation for 0(s) as follows

T ERERS NEE

B(T,—T,)e ™

e (-1 <x <1)
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(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)
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with
=] H
k,(xs) = fu -+

m'.':+m:j—m._m= [e_'m'—_m5 ' glmy—my

nim, —m,)[e-'m1-Ma/B_ g lm;-mz/h] sin ﬂ[:x_
s)dn .
(34
After determining 0(s) from the singular integral Eq. (33) we have the
temperature field along the axes as
T(x,0) =
(1 reo ':m._+m::|—[m._a_lm'—_m5Ih+m=alm'—_m5|h] ginnix—sz)
n“rﬂ [ (m, —mg)[g—"Ma-malh_ lmy—mz Jh] X n dn
N Y 5h
+1 (1-e"")(T, +T,e"" )
X f_l O(s)ds + 120k f (v = 0)
1 pe= |::-n._+m:}—[m__g'm'_‘-‘ﬂ:'?!+m:E—'m-_—m=Ii'!] sin q(x—s)
;“r'} [ (my —my)[s~ M2 Ml _glm,—mz ] X n } an
fy_ BRY &h
+1 (1-e") (T, +T, ")
'\ x “r—l E:.[:S)ds + 1_95.3?! r (_-u E ﬂ)
(35)
T(0,y) =
1 _rm [eme¥—g='M2—Ma Mmoo [12 4 2 —m, m, o~ M2~ Ma/ly glms —mahy] d
w0 (m, —m,)[e" ™2 P /B_glm,-m,Th] "
x [T 0(s) 22 ds + W(y), (v <0)
- n
4 1 _er [Em-_}'_elm-_+m=lh+m=}r]x[m;_m= E_Im.—_mzm] d
w0 (m, —m,)[e" ™2 /B_glm,-mo 0] "
| x (1o 2ds+ W), (7 20)
(36)

where Wi(y) is mentioned in Eq. (23).

(b) Elastic part
First of all, we observe that due to symmetry of the crack location with respect to the layer and of the applied load with respect

to the crack, it is sufficient to consider the solution of the problem in the regions 0 =x <0 40 =y = h To solve
the partial differential Eq. (7) and (8), Fourier transform is applied to the equations with respect to the variable *.

Utilizing the symmetric condition, the displacement components *+V may be written as

u(x,y) == [ @& y) sin(§0)d¢, 37

v(x,y) =2 J7 ®(&y) cos(§x)ds, (38)

where P(£:3) and ¥ (£.3) are Fourier transforms of W(%¥) ang V(x.¥) , respectively
with respect to the coordinate ¥, and 3 is the transformed parameter.

Substituting u(%,¥) and V(X%¥) from Egs. (37) and (38) into the equations of equilibrium
(7) and (8), we obtain the differential equation for the determination of 'i’(f!}’),

N 8°T,
F(Dljcp o K+l E ay
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1
2(w+1) [_B(K T -+
(?—H}{4(E+y}—{u+1}=(E—H}}] Ea_ﬁ
i1 8v

T—K

+ e e+ D{4E + B2 (e + 1) (3 — 1)}
+R{4(B+v) — (x+1)°(3 — W& T, where

F(D,) = D} +2pD3 — (28 —p*)D3 —
22 g2 g2 _¥73 3}
227D, + 22 {& - 267},

2

with @y’

and Te(&¥) is the Fourier Cosine transform of T(%:¥) defined by

T,(2,y) = [T T(xy) cos(&x)dx.
The solution of the Eq. (39) is of the form

2(Ey) = T [A,(®e¥ +£7(0)], (i=12)

https://www.mechanicaljournals.com/ijmte

(39)

(40)

(41)

(42)

where A (8).(i=1,....4) are constants to be determined from the boundary conditions,

t(i=1,.

tf +268° — (287 — B2)6° — 28%Bt+ 82 [ -
k—3 B:] —0,

kt+l

(0 = 7 [-mi e+

FiD,) K+l
{_a-:h--lzn:?-h-:l u:?—h-:l[4u:r3+y}—u:ﬁ+1:|=u:a—ﬁ:|]} :
my 2(k+1) 2+ 1) (e—1)
T—K . -
e+ D4+ B+ DB - 1] +

BL4(B+ ) — (x+ 1)°(3 — 1)} 8]
X 2 D(n) (rp) @V e™5dn, (= 1,2)

£t

£ (0 = 7 [mE -

F(D,) 21
{_ Blx=1)(7-x) u:?—h-:l[4u:r3+y:-—u:ﬁ+1}=u:a—H}]} £
m; 2+1) 2+ 1) (e—1) e
Tk

(k+ D[4+ B (x+ 1) (3 —xw)] +

44102

BI4(B+ ) — (x+ 1)°(3 — ) E]
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e
) @D mymmydhtmyy gy (=

13)

I]' _ Ik ®m (r,-1,)8*
&= rln}[ K+l 2 1-—g20R a.¢
_ Ble—1)(7-x)
{ 2(k+1) t
'i?—H}[4':E+y}—':u+1}='i3—H}]}En:rz—r._}.s ;
2(w+1)%(k—1)

2 1-g%R

+5 +1}~{( K+ D482+ (x+1)(3—-w)] +
[4[[3+‘r’) — (x+ 1)°(3 — )]}t

w (T,-T,0] —&iw— ,
x I ugh]e 015, (8),( = 1,2)

2 1-»s

[+ 1){48* + B2 (xc +

(i
f (D= F(D, }4lx+1}

1)(3-x)la.g

+B{4(B +‘r) —(x+1)*GE-x]} x

an TE

T _geem SEEJ (j=12)

I.'II

(47)
where j=1,2 are for the lower ( Rl) and upper ( RZ) region respectively.
The function ¥ (‘i}’j can then be determined as

w(5y) = Tt M @AM + N7 ©®] (i =

1,2]
with
oy e HRle— g -2 (1)
ML[;] - tl:‘f[:t-i_'fﬁ':'lc—l}] ![ - ly-- 14],
N, (§) = SRt DR e bl g g,

E[2t; +R(x—1)]

It follows from Eq. (43) that t3 =11 and ts = T2 where () represent complex
conjugates with

B o2 , B® [3-x
t1=—g+ |£_ +?+1:_BN|EJ
N
|
t:=_§_ ||: HB lEK.

Substituting Eq. (37), (38) into Eq. (2) and (3) and utilizing Eq. (42) and (48) we obtain
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{=a)

0 2i1-w)

oY) == (S CRRD IS

(3 —®Wt;M;}A ™
+{-ta+07 -3
9D, (NE? )] cos(zaz, (1= 1.2)

(53)

1 _ 5 w 1 _
EUY[:X,F:] - T "rD .-.I 1— 'k::' [{ (1 + K)t M
(3—x)Z}Ae™

+ {—(1+ xjnl(le{:‘:‘j —(3—

EEP Y cos(E)dz, (= 1.2)
(54)

ey =2 I [[-Em + 2 aew
+{-iNg7+2p, (£7)}] sin(zaz, (i=

1,2)
(55)

From the boundary conditions (15)-(18), the unknown constants A, i=1,..4) can be
found out from the following linear algebraic system of equations expressed in matrix form:

LA=B, (56)

where the matrices L,A, B are

Slet' h S Et.h Saetah Sth“‘h -":11 —Rl _ Pl
_ GlEt-h G eth Gaetﬂh G4Et‘*h Ao A, B P,
t,—G, t,—G, t;—G; ty—G, A, -R, — P,
G,y G: Gy Gy , A, Py , with

R, (£) = =2 Plcos(at) +

cos(—ad)],  R,(8) = [~ f(x)sin(2x)dx,

_ ) ) _
Pl - 4I.f|_|:'|_| ’P"' - 4Lf|_|:!| r PE

} i)
lflc!. LB =34 4lfl$ (i=12)
(57)

S;=(1+x)tM+(3—x)E, G=—&M; +
t,, (i=1,....4).

1

(58)

1 ’
Dy =¢ [Nl —EDJ_] , Dy =(1+x)D,N, +

(3—k)E, (i=1,...4).

Eq. (56) ayields

(59)
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A;(8) = Dy (DR, (E) + Dy (B)R,(E) +

Dy (E), (i=1,......4),
(60)
where Dii (()(k=1,23 and i= 1, ........,4) ¢ shown in Appendix. Substitution of
these values into the Eq. (19) will lead to the following singular integral equation:
L EO [+ kG| de =0 —p £
B
% ky(x) + poks ()| , (-b < x < B),
(61)
Where;
1 oo . "
ky(xt) = ;JI.D 2?21[[}:151 —ylsing(t—x)dZ,
(62)
ky(x) = — .r: X1 Dy SifeosEla—x) +
cos&i(a+x) |dE,
(63)
ky() = — 2 [ TL, [DssS, -
D4 £ |cos(z)dz, (=12)
(64)
y=lmX:, D,.S =(3—x).
== (65)
The kernels X2 (% t) ang k3 (%) . k4() are bounded and continuous in the closed interval
—b = x = b. The integral equation must be solved under the following single valuedness
condition
b
Jo fDdt=0, (66)
Before further proceeding it will be convenient to introduce non-dimensional variables ¥
and % by rescaling all lengths in the problem by length scale b:
®x=br,t=bs, (67)
(e—1) u
f(t) = f(bs) = Bt g)l,mw=£b,
(1) = f(bs) = 2=224(s), 0 =& )
In terms of non-dimensional variables, the integral Eg. (61) and single valuedness
condition (66) becomes
—f__ [ + ki(r, 5)] d(s)ds=—1 + k* (r)+
k@), (—1<r<1),
with (69)
ki(r,s) = X f (X, DS, —ylsinw(s—r)do,
} (70)
ky(r) = — [T T4, Dy;8;[coso(a — 1) +
cosw(a* +r) |do,
(71)
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i —_ -“n _
k [1") - mpgbix— J.:"‘r E [Dalsl
D4lfm ]cns[mrjdm, (i=12)
(72)
at =2 Q= 2
b and Qis the load ratio defined as: Zbpgy (73)
i — g ST . ,
fo =67 fn; =7 (1=123;j=
¥= ¥=h,
'
1,2),D, B_y
(74)
5. Solution of The Integral Equations
a) Thermal part
The singular integral equation Eq. (33) is a Cauchy-type singular integral equation for an
unknown function E}(Sj. For the evaluation of thermal stress, it is necessary to solve the
integral equation Eq. (33). For the purpose we write
T 3}
e = l=Cs=<1
() = 7= (- ), 5
where Y(s) is a regular and bounded unknown function. Substituting Eq. (75) into Eq.
(33) and using Gauss-Chebyshev formula (Erdogan and Gupta 1), we obtain
1
|: : J.{ ir }Y[Sl{)]
ELTZ—T-_:'E .
l—ET » [1 = 1,2,... .,N - l) »
(76)
Z¥N_  Y(s,)=0
g k=1 15k (77)
where 5k and *i are given by
sk—cns(L’[) (k=1.23,...,N) X; —cns( ) (i=1,23,...N—1)
2N and (78)
2.4
o0 (5= 1 oo ing™ = ¥ 2551
We observe that corresponding to collocation points 2(N+1)]
i=12,...,(N- lj, the Eq. (76) and (77) represent a set of N Jinear equations in
N unknowns Y (51) Y (82) s eee e oo, Y(S) T linear algebraic system of
equations are solved numerically by utilizing Gaussian elimination method.
(b) Elastic part
The singular integral equation Eq. (69) is a Cauchy-type singular integral equation for an
unknown function q)(s]_ Expressing now the solution of Eq. (69) in the form
Wi=)
§)=—=, ([—1=<s="1),
o(s) ==, ( ) 9
where W(s) is a regular and bounded unknown function and using Gauss-Chebyshev
formula (Erdogan and Gupta [#%), to evaluate the integral equation Eq. (69), we obtain,
1
[ E 1{ - (rusl{j} (Sk)] = -
Q
;k;(rl) + kq-(r[)r (1 = .r r--rN - 1):
(80)

~75 ~


https://www.mechanicaljournals.com/ijmte

International Journal of Mechanical and Thermal Engineering https://www.mechanicaljournals.com/ijmte

LN _
NE[{:l w(s,)=0, (1)
where Tiis given by

r, = ccrs(l;“) L (=123, N—1). ©2)

i
0= Destonionpons’™ = 2351
We observe that corresponding to collocation points 20v+10 ]

r =12, e, (N = 1) tpe Eq. (80) and (81) represent a set of N linear equations in

N unknowns W(s1) o W(S2) e e oo v e e, W(Sy) Thiis linear algebraic system of
equations are solved numerically by utilizing Gaussian elimination method.

6. Determination of stress-intensity factor

The presence of a crack in a solid significantly alters the stress distribution compared to when no crack is present. Although

the stress field remains largely undisturbed in regions far from the crack, the stresses near the crack tip become extremely

high. To assess whether a crack is likely to propagate, fracture mechanics introduces a key physical quantity known as the

stress intensity factor (SIF). In the problem at hand, the solid is subjected to two types of loading:(a) Thermal loading, (b)
P

Mechanical loading - specifically, concentrated forces of magnitude 2 applied symmetrically on the crack faces. The stress

components Tx 1Oy ’T-W, as given by Eq. (53) - (55), do not have closed-form solutions. Instead, they are represented as
infinite integrals and must be evaluated numerically. In this discussion, we aim to determine two main quantities: the
thermomechanical stress intensity factor (TMSIF), which reflects the combined effects of thermal and mechanical loading, and
the thermal stress intensity factor (TSIF), which considers only thermal loading. The stress intensity factor is defined as
follows:

k(b) = lim /2b(r — 1)o, (1, 0).
r—+1
The non-dimensional stress intensity factor (TMSIF), can be obtained in terms of the solution of the integral equation (69) as

TMSIF = k'(b) =
p:»-‘a lim /2b(r — oy (r,0) = —w(1),
(83)

When there is only thermal loading, the TSIF can be extracted following the same procedure as discussed above. In this case
the Eq. (69) will be modified to

ff_ll [ﬁ-l— k;[r,s]] ¢(s)ds= -1+
ki(r) (-1=r=<1),

(84)
The TSIF at the crack tip can be expressed based on the solution of integral equation (85) as follows:
1 =1 2=
TSIF = lim+/ 2b(r— 1)ci(r,0) =
PVl o v ( ) 5’[ )
—Q(1),
(85)
In this case we assume
Qi)
=—, (—1=<s=<1),
o(s) ===, (-1<s<1) )

where (s) is regular and bounded unknown function and w[l],ﬂ(l] can be found out

from ¥(sk) gng Qsi) (k= 1,23, ... ........,N) using the interpolation formulas given by
Krenk B34, Following the method as in Gupta and Erdogan 1, we obtain the crack surface
displacement (CSD) in the form
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Jrﬂ:rﬂd,_lﬁ: ‘:1,
v'(r,0) = s, (-1<s<1),

—1+1—g" h &
y'm0 — wir,0) !.L'i?-xl' ’
b pylx—1) o

1
which can be obtained using Simpson's 3 integration and appropriate interpolation formula.

7. Numerical results and discussions

This study investigates an internal crack in an infinite functionally graded layer under thermal effects, focusing on how
temperature, grading parameters, and applied loads influence the stress intensity factor and crack opening displacement. Using
a standard numerical method, the normal displacement and stress intensity factor are computed and presented graphically.

Regions R1 and Rz refer to the areas below and above the crack line, respectively, and the non-homogeneity parameter Y is
set to 0.1 for the analysis.

Fig. 2(a) illustrates the temperature distribution T(x,0) along the crack face and its extension line for different values of the

b
geometric parameter h , while keeping other parameters constant. The temperature profiles are symmetric about the crack
b
center * = ':', as expected due to the problem's geometric and boundary condition symmetry. As the ratio k increases, the

b

temperature distribution becomes more pronounced, with deeper troughs and broader central regions. For a lower h ratio, the
temperature at the crack center is relatively high, and the minimum temperature along the crack face remains moderately
b
elevated. In contrast, as the h, ratio increases, the maximum temperature at the center decreases, while the minimum
temperature along the crack face drops significantly, indicating a sharper and more intensified thermal gradient. Fig. 2(b) and
b
2(c) illustrate the temperature distribution along the vertical centerline * = O for various values of the aspect ratio k, under
fixed physical and thermal parameters. The results demonstrate that the temperature profile is significantly influenced by the
b
variation in k . The temperature distribution along * — ':', taking T, = TE, temperature decreases linearly both in the region

Ry and Bz, There is one point to note here that the variations of temperature at a particular point on * = 0 pelow and above

b b

the line of crack are opposite in nature in respect of the values of h . An increase in h leads to a steeper temperature gradient
along the y-axis, particularly near the domain boundaries, indicating enhanced thermal conduction effects.

T(x,0)

12 A

----- bfh=0.20

10 ——1/h=0.25

",
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Fig 2: Temperature distribution on (a) crack face and extension line, (b) and (c) the line

x=0inRiand Rz respectively for different b when 6 =0.10,x= 18,H= 1.0,
o, = 15T, =25,T, = 1.0.
)

Fig. 3(a), 3(b) and 3(c) depict the effects of the inhomogeneity thermal parameter
x=10

on temperature distribution along and the

of the crack face. In Fig. 3(a) the temperature profiles are symmetric about the crack center * = ':',

)

vertical centerline

and the temperature decreases as “ increases with deeper troughs and broader central regions. In Fig. 3(b) and 3(c), we find

that the temperature distribution along the vertical centerline (x=10) decreases linearly in both regions region Riand Rz

with increase of the inhomogeneity thermal parameter 5. Notably, temperature variations at corresponding points above and

0

below the crack line on * = “ exhibit opposite trends.
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Fig.3: Effect of inhomogeneity thermal parameter & on (a) the crack face and extension line with h = 0.20, (b) and (c) the linex =0 in

b
R, and R respectively with L= 0.75 and
k=18H=10,a = 15T, = 25T, = 10.

!
Fig. 4(a) and 4(b) illustrate the variation of the Thermo-Mechanical Stress Intensity Factor (TMSIF), denoted as k (b), with
b

respect to the normalized crack length h for different applied loads under both tensile and compressive loading conditions in

region Ry and Rz, The results confirm that the TMSIF is strongly influenced by crack length and mechanical load. A distinct
critical crack size exists where the risk of failure is maximized. Tensile loading increases the severity of the stress intensity,

while compressive loading reduces it. Fig. 5(a) and 5(b) reveal the influence of the inhomogeneity parameter 5 on TMSIF for
both tensile and compressive thermal loading cases in both regions. The graphs depict a distinct peak in TMSIF at a particular
b

b value for all 5 values, indicating a critical position where the TMSIF is maximized. This peak is noticeably more
pronounced under tensile thermal conditions compared to compressive ones, reflecting the greater severity of crack tip stress

&

fields in tension. As the inhomogeneity parameter ~ increases, the magnitude of the TMSIF generally increases in both cases.

The graded parameter B in Fig. 6 (a) and 6(b), significantly influences the TMSIF. Higher B values lead to greater stress
intensities, especially under tensile loading. The location of the peak remains largely unchanged, while the magnitude of

!
k'(b) is sensitive to B, highlighting the importance of material gradation in controlling stress distribution in thermo-
b
mechanical environments. Fig. 7(a) and 7(b) show the variation of TMSIF with & for different crack aspect ratios. The results
b

indicate a gradual increase at low &, followed by a sharp peak at intermediate values, and then a rapid decline to a stable level.
b

Tensile loading consistently yields higher TMSIF than compressive loading, particularly near the peak. Increasing = enhances
the peak magnitude, highlighting the strong influence of crack geometry and loading conditions on thermo-mechanical fracture
behavior. Fig. 8(a) and 8(b) present the normalized crack surface displacement profiles along the crack surface for different
values of the applied load Q in both the regions. The results demonstrate that the displacement distribution is symmetric with
respect to the crack center, exhibiting a maximum at the mid-point and gradually reducing to zero at the crack tips. As Q
increases, the displacement magnitude systematically decreases, indicating a strong influence of this parameter on crack
&

on the normalized crack

)

opening behavior. Fig. 9(a) and 9(b) depict the influence of the thermal inhomogeneity parameter
surface displacement in both the regions. The profiles clearly show that the crack opening decreases progressively as
increases. Although the peak displacement varies with 5, the symmetric parabolic nature of the distribution about the crack

center is preserved, indicating that & acts primarily as a controlling factor for the magnitude of displacement without altering
the overall displacement pattern. Fig. 10(a) and 10(b) present the normalized crack surface displacement for various values of

the graded material parameter B in regions Ri and RE, respectively. In both regions, the displacement profiles exhibit
symmetry with maximum values at the crack center and vanishing at the crack tips. A clear trend is observed where increasing

B results in a reduction of the crack opening, demonstrating the restraining effect of material gradation on displacement. These
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results emphasize that stronger gradation effectively suppresses crack surface separation, thereby enhancing the resistance of
the graded structure against tensile crack opening. Fig. 11(a) and 11(b) display the normalized crack surface displacement for
a

different values of the crack length ratio b in both regions. In both cases, the displacement profiles remain symmetric, with
a

maximum values at the crack center and tapering to zero at the tips. It is evident that an increase in b reduces the overall
displacement magnitude, demonstrating that longer relative crack lengths tend to suppress crack opening.

k' (b)

550 4

500 —8—0=0.0 ——0=5.0 ==~=-0=5.0
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—a— 0=18.0 =-=-&=-0=18.0
400
Tensile Case
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300

Compressive Case
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200

150

100 B -
50
0y > b/h
0 0.05 01 0.15 02 0.25 03 035 04
4(a)
k' (b)
M
450
—o— 0=0.0 ——0=9.0 -—#=--0=9.0
400
—a—0=18.0 --k--0=18.0
Tensile Case
-
> b/h
0 0.05 01 0.15 0.2 0.25 03 035 0.4
4(b)

b

Fig 4: Variation of TMSIF with h for different loads Q in both cases in (a) Ry (b) R,
when

g =0.0,6 =0.05,k=18f=0.10H =
1.0,a, = 1.5, T, = 2.5, T, = 1.0.
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Fig 5: Effect of inhomogeneity parameter 5 on TMSIF, k' (b) for both cases in (a) Rl
() B2 when
g =00,Q=9.0,k=18[F=0.10H=
1.0,¢, = 1.5, T, = 25,T, = 1.0.
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Fig 7: Variation of TMSIF, k'(b) for different values b for both cases in (2) Ry (b) R,
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Fig 8: Normalized crack surface displacement v [r, D) for various values of Q for both cases in (a) Rl (b) R: when

= o

= 0.25, §= 0.0,5§ =0.06 ,k= 1.8, =

0.09,H = 1.0,
a, =1.5,T, = 25T, = 1.0.
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Fig 9: Normalized crack surface displacement v (:r", ﬂj for various values of

b —
@ R1) Rz whenn

)
0.25, E= 0.0,x=1.8,=0.10,H=1.0,

for both cases in

Q=9.0,a = 1.5,T, = 2.5, T, = 1.0.
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Fig 10: Normalized crack surface displacement v (:r", ﬂ) for various values of B for both cases in (a) R1 (b) Rf when

b

h

=030, 7 =0.0,x=18,8 =0.07,H =10,
Q =11.0,¢, = 1.5, T, = 25, T, = 1.0.
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Fig 11: Normalized crack surface displacement v [r, Dj for various values of b for both cases in (a) Rl (b
E= 0.30, B=008,x=18,8 =0.07,H= 1.0,
Q=110,a, =1.5T, = 25, T, = 1.0.

)Rn

2 when

b

Fig. 12 shows the variation of SIF, TSIF, and TMSIF in regions Ry and Rz with respect to the normalized crack length k. All
three factors increase gradually, peak at critical crack lengths, and then decline to a stable level. Although both regions exhibit
similar trends, differences in peak values suggest the influence of material gradation and structure. TSIF remains lower than
SIF due to its purely thermal origin, while TMSIF exceeds both under tensile thermal loading, highlighting the amplifying
effect of combined thermal and mechanical loads. In contrast, compressive thermal loading reduces TMSIF, indicating
improved structural stability.
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Fig 12: Comparison of TMSIF and TSIF for both the regions Ry and R,
when

=00, =010,x=18,8 =0.05H=

1.0,a = 1.5, T, = 2.5, T, = 1.0.

8. Conclusion

These findings offer valuable guidance for applying functionally graded materials in high-temperature environments like
aerospace, nuclear, or thermal barrier systems. Tensile thermal stresses can accelerate crack growth and reduce durability,
while compressive thermal fields help suppress cracks and enhance longevity. Thus, tailoring thermal gradients and stress
distributions is key to improving fracture resistance
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Appendix

The expressions for Dki (€) (k=123 g1 = L ws®) gre as follows:

Dll{f} = ﬁ [E‘t:h{t.;G: G’g — tEG:G__}} +
B {t,G3G,y — 153G, G5} +e%R {t1G,Gy — t2G3Gal],

Dyo(8) = 5 [e%P{tsG1Gs —£461Gs) +
e=h{t,G Gy — t,G3Ga}+e™h{t, G3Gs — t3G, Gy},

i 1
Dy(&) = Ll [E‘t"h{hGiG: — t5Gy Gs} + €™P{t; G, Gy — t5Gy Go 1 +e™P {t,G, Gy — 1,6 54}];

i 1
Dys(&) = LI [E‘t"h{t: Gy Gz —t3G; G} + e™P{t3G, G, — t,G,G3}+e™P{t; G, G3 — t,G,G3 }],
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1 [
D2(8) = [e=* R (GgGyS; — G2GqS4) +
eltstth (G, G;S, — G,G,4S5)
-|_E':t:'-+t3:'h£G: G453 — G3G,5, }]’
D22(¢) = e+ {6,655, — GsGusy) +
el=*%)h{G G,S; — G, G35}
+E|:t._+t3:'h{G3G4si — G1G4SE}],
Lr i,
D2(§) = [ ¥R (G268, — G, 625} +
elt=ttlh(G G,S, — G,G,S,)

1eltte }h{G1G4S: — G, (}451}],

1

D:4(f) =17 [E':t'-ﬂ“}h{GlG:SEI - GfGﬂSl} +

Ll
E':t._..+t3:'h£G1GES: —G,G,5;}

+E|:t._+t._.. }h{G:GESj_ — GlGE S: }]!

1
DEl[E) = 1Ll [Et!h{Jfr;P:S:Ga TP GGy —
t3P8,G, — t5Py G, G}

+Et"h{—t4P:SEG: — 4P G, Gy + £,P,5;G, +

t,P,G3G, }

h
+e ™ {t3P, 8,6, — t,P,8,6; + 3P, G,G, —

t,P,G3G,}

tel=*%)hft pS G, —t,P,S,G; + P.S.G,G, —

By5;G,G, —P35,G36, + P4SfG3G4}

+E':ts+t4}h{—t3P4S4G: — P5,G,G; + P5,G,G5 +

t3F,8; G, + P3S;G3G, — P,5,G3G,)

+E|:t3+t4}h{t:p4s4(}3 + PHS%lGEGE — P4S4G:GH —

tyPy83G, — P3S3G,G, + p453G3G4}:|’

1
D3,(8) = 1ol [e%:"{~t,P,S,G;s — t,P, G, G5 +

t3P,5,G, +t3P,G,G,}

+Et‘h{tqu 53G, +1,P, G, G3 — £, F, 556G, —

t,P,G3G,}
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t,PG3G,}

_|_E.:t._+ta}h{_.t4p453(}1 +t,B,5,G; — P35;G,G, +
PyS3G, Gy + P35, GG, — P451G3G4}

t3P;5,G, — P;5,635G, +P,5,G;G,}

_|_E':ta+t4:'h{—‘t4P454G3 — P35,G,G5 + P,5,G,G; +
t1P4SHG4 —|— PESE Gle_ — P4SE Gle.}].!

1
D33(5) = Izl [e""{t,P,5,6, + t,P,6,G, —
t2PyS1Gy — t2P, G, Gy}

+Et=h{_t4P:S:G1 —tyP G G, +1,P5,Gy +
t, PG, Gy}

+Et‘*h{tjpg 856Gy —t,F5,G, + t,P GG, —
t,P, G, G}
telu*e)ify ps G, —t,P,S,G, + B,S,6,G, — P,S,G,G, — P,S,G,G, + P,$,G,G,}

_|_E':t'—+t4}h'[—t:P4S4G1 —_ Pﬂ 54G1G2 + Pq_Sq_GlG: +
t,P,S,G, + P,S,G,G, — P,5,G,G,}

+E|:t=+t4}h{tlp4s4(}: +PB;5,6,G, —P,5,G,G, —t,P,5,G, — B;5,G,G, + P4S:G1G4}:|r
Day(8) = |lT| [Et"hg_ta P38,Gy — 3P GGy +

t,P,5,G; +t,P,G, G}

+e%h {tsP,5,6, + 3P, G G, — £, P,8,G; —
t,P, G, Gy}

+e% {—t,P,85G; +t,P,85G; — t,P16,G3 +
t,P, G, Gy}
+e':t;+t=}h{_t3P4S:G1 +1t3P,5,G; — B35,G,G; + Py5;G,G; + F35,G,G; — P451G:G3}

+E|:t-_+t5_:'h{-t:p4saG1 —|— Pﬂ SﬂGlG: —_ P4 SE GlG: —
t,P5,G; — P35,G,G; + P451G3G3}

+E|:t=+t3}h{_t1P453G: —PB;5;G,G, + B 5;G,G, + 1P, 5,G; + B;5,G,G; — P‘l}S:GlGa}]-
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